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Figure 1: (a) 3D models designed for laser cutting typically use joints that are loose enough to (b)

allow users to assemble the models by hand. However, (c) when tension is applied, the resulting

models tend to break. (d) Presumably, one way to make the physical model robust against stress

is to make joints extremely tight and assemble them using a mallet. However, our survey finds

that many models break during assembly if one tightens their joints. (e) We analyze the 10 types

of weaknesses identified in the survey and present an algorithm that addresses them by choosing

assembly sequences that bypass error-prone states and, as shown here, introduces what we call

scaffolding. (f) This allows for reliable assembly of models with tight joints, thereby enabling (g)

physical models that are robust against tension
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Abstract

Laser cutting has a long tradition of building load-

bearing 3D objects based on box joints and T-joints, as

these joints are naturally robust against compression

and shearing. Achieving robustness against tension,

however, is challenging. One presumed solution is to

make all joints extremely tight, to the point where they

can only be assembled using a mallet. However, our

survey found that making joints tight can cause models

to break during assembly. In this paper, we identify

the 10 underlying issues and present techniques for

overcoming them: by extending parts with what we

call scaffolding or by adjusting the models’ assembly

order, so as to bypass states that are subject to these

issues. Based on our user study and analysis of laser-

cut models, scaffolding speeds up assembly for an

average of 14% of the assembly operations per model,

which in turn gives an average of 1.3x speed-up per

model, and 70% of the models would benefit from the

adjusted assembly order, that in the absence of such,

would require higher assembly effort.
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1 Introduction

Laser-cut structures based on box joints, such as closed

box structures [5], offer impressive robustness against

compression and shearing, making them key con-

tenders for creating sturdy 3D objects, such as fur-

niture and guitars [25]. The main weakness of box

joints, however, is that they are susceptible to ten-

sion, i.e., as soon as a 3D model offers a way to apply

tension, models tend to break (Figure 1a-c).

A presumed solution, as illustrated in Figure 1d, is

to stick to box or T-joints but make them extremely

tight, i.e., by dilating joints by a small amount (such

as 0.08mm [12]) to withstand the tension (or to pro-

duce the normal force required for wood glue to set

[23]). (e) Unfortunately, many of the 3D models we

examined in our survey would not assemble or would

break during assembly (see Section “Survey”) if struck

using a rubber or wooden hammer, also known as a

mallet [21] (which allows delivering up to 4500N [24]).

At first glance, this may appear surprising. We all

have struck things with a hammer or mallet many

times—and successfully so. However, on closer in-

spection, the reason we succeeded was not because

hammering is generally reliable (or easy for that mat-

ter) but because we hammered a carefully engineered

object, such as a nail. As illustrated in Figure 2a, a nail

features a head carefully crafted for impact. It trans-

mits the impact perfectly to the tip. It is made from a

robust material, etc. (b) Laser-cut 3D models, in con-

trast, are not engineered that way. Some parts cannot

be successfully inserted; other models will physically

break when trying to.

Figure 2: (a) While nails have been carefully

engineered for being hammered, (b) laser-cut

3D models are not.

In this paper, we carefully analyze what exactly goes

wrong when trying to assemble models containing tight

joints. We classify our findings and organize them

into 10 types of issues. We come up with alternative

approaches that overcome the respective issues: by

modifying the joints, generating what we call scaffold-

ing, optimizing assembly order, etc. We then combine

these elements into an algorithm. As illustrated by

Figure 1f, we use our algorithm to update the mod-

els, which inserts scaffolding in this case, (g), and now

enables assembling them successfully using a mallet,

which gives us physical objects that we can now subject

to tension. In our user study, non-expert participants

assembled models with tight joints significantly faster

and with less damage to the models when they were

processed using our algorithms.

2 Contribution and Limitation

In this paper, we make three main contributions. First,

we identify 10 systemic issues from assembling tight

joints by surveying laser-cut models subject to tensile

forces. Second, we propose corresponding solutions,

including scaffolding and an assembly order refine-

ment algorithm that bypasses error-prone states. In

a user study, we show that pre-processing 3D models

using these methods overcomes the issues.

https://doi.org/10.1145/3746059.3747788
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Limitations: (1) Trapezoidal jigs simplify assembly,

but at the expense of consuming additional material.

(2) Our assembly order refinement algorithm builds on

assembly-by-disassembly [14] and directional blocking

graphs [31] and is, therefore, limited to models that

can be assembled one plate at a time. (3) Our explo-

ration is limited to models made from box joints and

T-joints; we did not consider cross joints, as they tend

to be less sturdy in the first place [5]. (4) For similar

reasons, we only looked at models made from material

suitable for being struck using a mallet, particularly

plywood; we did not investigate brittle material, such

as acrylic.

3 Related Work

The research builds on previous work in designing and

assembling sturdy laser-cut 3D models, joint designs,

and jigs.

3.1 Designing Load-Bearing Laser-Cut
3D Objects

Design tools evolved from 2D systems such as Cut-

cad [15] and Cuttle.xyz [9] into 3D systems such as

SketchChair [26], Joinery [32], FlatFitFab [22], and

Kyub [5].

While many 3D laser-cut models are designed solely

for decorative purposes, functional models like furni-

ture must withstand significant loads. For example,

chairs endure compression, string instruments and

hanging lamps experience tensile stress, and shelves

[25] endure bending and shear forces. We address

such models, with a specific focus on tensile loads.

3.2 Laser Cutting Joints vs. Tensile
Load

As the introduction mentions, tension is the biggest

challenge for laser-cut 3D models. One approach to

bypass the issue is to eliminate any option of applying

tensile loads, e.g., fully enclosed convex volumetric

models, also called closed box structures (Kyub [5]).

However, tensile loads are back if structures feature

finger-sized cutouts or embedded objects. Similarly,

compressive loads applied inside the closed box, e.g.,

heavy items in shelves/drawers, can apply tensile loads

at the joints.

To address this, researchers and makers proposed

several alternative joint designs, including the ones

shown in Figure 3. Unfortunately, as discussed in the

introduction, each introduces a new weakness. Ex-

tending box joints into T-joints [5] fails when tension

is applied from a second direction. Cross-joints [22]

are susceptible to shearing. While Snap-fits [4] pro-

vide easy assembly and locking, they, together with

T-joints and cross-joints, protrude out of the design,

often violating aesthetic requirements. Wood screws

or nails, while quite sturdy (Umetani et al. [29]), split

thin materials commonly used in laser cutting, e.g.,

6mm plywood. Captive nut joints [8] add complexity

and assembly time.

As a result, objects requiring both structure and aes-

thetics, such as furniture, chairs, guitars, and shelves

[25], cannot be handled using any of the above tension-

aware joints. This limits the adoption of these joints,

thus limiting laser cutting.

To overcome these issues, FastForce proposed

adding reinforcement structures against tensile loads

on the (assumed to be unused) inside of closed boxes

[3]. However, large internal plates obstruct functional-

ity, e.g., drawers and shelves.

As a result, the only universally applicable solution is

to make joints tight. Given proper kerf calibration (e.g.,

Kerfmeter [16]), box joints can handle tensile loads of

up to approximately 200N per pin (6mm birch plywood)

based on our measurements. However, assembling

tight joints is surprisingly challenging, as we address

in this paper.

3.3 Assembling Laser-Cut Objects

Structural stability is important for the fully assem-

bled object and plays a key role during the process,

e.g., at intermediate stages of large-scale frame struc-

tures [30].

In laser cutting, assembly is optimized for differ-

ent reasons, such as speed (Roadkill [1]), assembly

by the visually impaired (Daedalus [7]), and folding

(HingeCore [2], Lamifold [19], Flaticulation [11]).

While previous work in laser cutting considers as-

semblability in terms of collision and interlock between

parts, we provide a new perspective: the mechanical

capability of parts and joints, and human errors that

make assembly impossible or difficult. Our algorithm

tweaks assembly order to simplify the assembly of

laser-cut objects with tight joints.

3.4 Alternative Joints Designed for a
Tensile Load

Some alternative joint designs are less susceptible to

tension (Figure 3). However, they tend to handle ten-

sion in only one of two directions, make models more

susceptible to shearing, create undesirable protrusions,

or run the risk of splitting the material, and they all

add complexity and assembly effort.

3.5 Assembling Tight Joints Based on
Interference/Press Fit

Most laser-cutting joints are based on interference fits,

such as press fits. Here, a part (pin) is forced into

a smaller opening (slot), creating static friction that

secures the parts in place (Tsugite [18]).

Assembling tight press fits is particularly challenging

since large forces are required that, in turn, require

hammering tools, e.g., a mallet. To simplify and speed
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Figure 3: (a) One example of a Laser-cut object

with tight box joints. Alternative joint designs

have been proposed to make laser-cut 3D mod-

els more robust against tension, including (b) T-

joints [3], (c) cross joints [8], (d) snap-fits [4],

(e) wood screws, and (f) captive nut joints [8].

up assembly, mechanical engineers provided parts to

be inserted with pointy tips, known as Pilot pins [6].

Gershenfeld et al. applied this concept to laser-cut

cross joints to prevent jamming [13]. In this paper, we

apply this concept to box and T-joints as one of many

facets towards a solution.

3.6 Jigs

Jigs or custom tools are essential in woodworking (e.g.,

drilling) and milling 3D objects (e.g., fixtures). The

primary engineering purpose of the auto-generated

jigs is to overcome the imprecision of the user’s ability.

With advancements in digital fabrication, jigs have

evolved from in-situ physical tools to software-driven

or algorithmically generated forms. Examples range

from cutting wood larger than a machine (JigFab [20])

and manually welding metal pipes (Trusscillator [17])

to human-machine collaborative robotic fabrication

(Adroid [27]).

The trapezoidal scaffolding introduced in this paper

resembles jigs and sacrificial materials in that they are

special-purpose and made to support the assembly

process, but differ in that they modify the workpiece

per se for easier assembly.

4 Survey: Making joints tight causes
10 issues

In order to better understand potential issues involved

in the assembly of laser-cut 3D models with tight joints,

we surveyed what happens to models when we tighten

Figure 4: 33 of the 402 models sensitive to ten-

sile forces [3] (used with permission).

their joints. We obtained a copy of the 402 laser-

cuttable 3D models at risk of falling apart upon tensile

forces (from FastForce [3]).

4.1 Results: Ten Issues

Table 1 summarizes the 10 issues we identified from

looking at the models from the survey. We will discuss

each point in additional detail in the following section.

All issues refer to a single assembly step in which users

try to add a given plate P to the set of all parts already

assembled, which we refer to as assembly A. We refer

Table 1: Ten issues we identified.

1. Small Target: when the impact area of

a target is not large enough the impact

from the mallet will damage the plate.

2. Target Orientation: if the target is

angled w.r.t the joint, little of the impact

transmits to the joint. Users thus hit harder,

the plate breaks.

3. Transmission: unless the target is

roughly centered over joint, the impact fails

to reach all pins. Users hit harder, the

plate breaks.

4. Multiple Targets: if a long joint offers

too few targets to strike, some pins will not

receive sufficient impact, the plate never

assembles.

5. Sturdy: if the path between impact

area and joint is weakened by cutouts, the

mallet’s impact will break the plate.

6. Angle: achieving a specific angle when

assembling two plates is hard, especially

non-90° joints: ⚠Blocks subsequent

assembly

7. Alignment: if pins on plate P are not

aligned with the corresponding slots on

assembly A pins will break.

8. Hold: unless something holds P in place

at the moment of impact, the mallet’s

impact may undo the alignment, on impact

pins break.

9. Intrusion: pins not fully inserted into

slots are fine. However, if this happened for

concave joints: ⚠Blocks subsequent

assembly.

10. Stability: striking P subjects all joints

in A to the impact. Unless all plates in A

already form a rigid structure, this

disassembles A.
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to the joint between P and A as the P-A joint or just the

joint.

Summarizing the above table, there were two main

types of failures, with the first half commonly leading to

plates breaking and the latter half leading to blocking

subsequent assembly. We will thus address the ten

issues in two separate clusters of five issues each.

As we will see, each category will lead to its solution

strategy, i.e., trapezoidal scaffolding and constrain-

before-insertion.

To validate the relevance of the proposed strategies,

we analyzed a subset of the 402 models (i.e., the 33

models in Figure 4) manually, 70% of the models would

benefit from constrain-before-insertion, that in the ab-

sence of such, would require higher assembly effort,

while 67% had at least one assembly operation that in

the absence of trapezoidal scaffolding would run the

risk of breaking the part.

5 Addressing issues 1-5: Trapezoidal
Scaffolding

Looking at the first five issues from the list above, one

might see a callback to the introductory discussion

about hammering nails: The first five issues are issues

because laser-cut objects are not like nails: Nails have

right-sized impact areas that are properly oriented,

they are sturdy, and transmit impact properly. Laser-

cut parts do not—thus, they break.

In this section, we will try to make laser-cut parts

more like nails. Figure 5 shows how we reinforce laser-

cut parts with additional material, which we will refer

to as trapezoidal scaffolding.

(a) If this shape (the plate from Figure 2b) is hard

to hammer, (b) what shape should the plate ideally

be? In analogy to a nail, such a plate might feature an

exposed, easy-to-hit target area at the very top, and

we would make that target area large enough not to

break on impact. Similar to a nail, we might texture

this target area to prevent the mallet from slipping

and for improved affordance. The target area would

Figure 5: The trapezoidal scaffolding: (a) the

plate from Figure 2b is hard to assemble. (b)

A plate suitable for hammering might look like

this. (c) We unite the plate and trapezoid, then

subtract the plate (d) and merge the resulting

parts. The resulting combination of plate and

scaffolding affords easy and precise assembly.

(e) When done, users discard the scaffolding.

be parallel to and centered over the P-A joint. We

would give the plate an overall shape that transmits

the mallet’s impact well and transmits it equally to

all pins of the P-A joint. The result of these design

requirements is the shown trapezoidal shape.

(c) We now apply this insight to the plate P, shown

in blue: to create an initial version of the scaffolding,

we unite the trapezoidal with the actual plate. When

subtracting the plate, we obtain what we call scaffold-

ing, shown in green. (d) The scaffolding is a sacrificial

piece, i.e., we plan on removing it later. To simplify

the removal, we combine both parts into one. Finally,

we connect the scaffolding with plate P using a single

break-away tab, shown as a black dot, (e) making it

easy to remove the scaffolding once the joint has been

inserted.

While the scaffolding shown above focused on in-

serting a single plate into another single plate, the

same concept applies equally well further along the

assembly process, as illustrated by Figure 6.

Figure 6: Trapezoidal scaffolding applies equally

well further along the assembly process.

We now drill down into the top five issues from the

table above and discuss how trapezoidal scaffolding

supports them.

5.1 1. Target Size

Trapezoidal scaffolding provides plates with a target

of a sufficiently large area. As illustrated by Figure 7a

and b, a mallet’s impact can dent or delaminate small

targets. (c) The trapezoidal scaffolding enlarges the

target, which protects it. We tend to generate target

sizes of 3cm.

Figure 7: (a) Small targets (b) can get dented or

delaminate on impact. (c) Trapezoidal scaffold-

ing gives the plate a larger target.

As shown in Figure 8, when a target is located on

the surface of plate P, we may still witness the same

type of issue as plate P may still bend and even break
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Figure 8: (a) Surface damaged by a mallet. (c)

Sacrificial plate parallel to P. (c) In case assembly

A uses extended pins (to allow for sanding), we

may make the sacrificial piece custom.

as plate stiffness decreases squared with plate size

[12]. (b) Since there is no vertical plate here to extend,

we overlay a plate parallel to P instead. (c) In case

assembly A uses extended pins (to allow for sanding

[5]), we may generate a sacrificial piece in the shape

of the clearance.

5.2 2/3. Can we use Existing Features
instead of Scaffolding?

As we will see in our user study (See Section “User

Study”), trapezoidal scaffolding works well. However,

it comes at a cost because it requires additional mate-

rial and cutting time. It is, therefore, worth checking

whether scaffolding is necessary.

As illustrated by Figure 9, (a) Tabling the question of

the target area for a moment, any protruding feature

on plate P could serve as a target. (b) Finite element

analysis verifies that this pin is in a good position to

transmit an impact to all pins on the P-A joint. This

makes this pin a good candidate for replacing the scaf-

folding. (c) In contrast, none of the pins are suitable

for this plate, as each of them transmits too little of its

impact to at least one of the pins on the P-A joint.

Figure 9: (a) Plates tend to offer multiple poten-

tial targets, each of which may be struck from

various angles. (b) Finite element analysis con-

firms that this pin transfers impact to all five

pins. (c) This part, in contrast, does not work;

thus, (d) requires scaffolding.

Our algorithm proceeds as follows:

Step 1: Place one potential target t on every line

segment of the outline of plate P, excluding those on

the P-A joint. Place multiple potential targets along

longer edges and onto surfaces. Give each potential

target the normal d of the line segment as orientation.

Step 2: For each (t, d), compute the efficiency e

(i.e., a value [0, 1]) of impact transmission to all pins

of the P-A joint using finite element analysis (we wrote

a custom FEA solver in python on top of numpy).

Step 3: Pick the target tmax with direction dmax that

maximizes the minimum efficiency of force transmis-

sion across all pins of the P-A joint. Call that efficiency

emax.

Step 4: Test whether the structure is capable of

withstanding an impact of the default force for a single

pin divided by emax (see subsection “7. Transmission”).

Step 5: If not, extend plate P with trapezoidal scaf-

folding.

(c) To prevent assembly A from sliding, we place it

on a thin rubber sheet or against a stop.

5.3 4. Multi-Trapezoidal Scaffolding
for Long Joints

As illustrated by Figure 10a, the longer the P-A joint,

the more pins need to be inserted and the higher the

overall resistance. Furthermore, the lever formed by

the width of plate P will, at some point, exceed the ma-

terial stiffness, causing plate P to curve when struck

until none of the impact reaches the outer pins any-

more. Consequently, hitting a single target on a large

joint may not produce sufficient impact.

(b) Our algorithm addresses this by producing mul-

tiple targets, spread out along plate P, so that each

pin is close enough to one of the pins, thus receiving

sufficient impact from at least that target.

Figure 10: (a) Long joints made from many pins

(b) can require multiple pieces of scaffolding,

here united into one.

We may again try to save material and cut time

by getting by without the scaffolding. As illustrated

by Figure 11a, we may assemble upside-down, i.e.,

we insert a horizontal plate P into a vertical assembly

A. In this orientation, P is much less stiff, allowing it

to deform during insertion so that only a reasonably

small neighborhood of pins can be inserted at a time,

reducing the resistance and thus simplifying assembly.

(b) However, the deformation causes pins on plate P

to come down at an angle, causing the effective width

of the pin to be defined by the diagonal between its two

contact points (sqrt(pinWidth2 + intrusion2)), which is

substantially wider than the slot it is supposed to fit

into, thus causing the pin to collide with the adjacent

pins on assembly A. Users may avoid this by alternating

strikes between targets, inserting each one by just a

fraction of the pin length. (c) To also allow the linear

approach, we provide pins with a tapered tip (also
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Figure 11: (a) Inserting a long plate P, as shown,

(b) causes its pins to come down at an angle,

causing its corners to collide. (c) We address

the issue by adding a slant to the pins on A.

known as pilot pins [6][13]), albeit this reduces the

resulting tensile strength of this joint.

5.4 5. Transmitting impact across
cavities

As illustrated by Figure 12a, cavities and cutouts may

weaken the path from the target to the pins on the

P-A joint, causing plate P to collapse on impact. (b)

Again, our algorithm addresses the issue by adding

trapezoidal scaffolding. (c) For many small cutouts,

(d) extending scaffolding to fill all the cutouts simplifies

removal.

Figure 12: (a) The path between all potential

targets and the P-A joint is weakened by a cavity.

(b) Our algorithm fills in trapezoidal scaffolding.

(c) For many small cutouts, (d) our algorithm

simplifies removal by extending scaffolding to

fill cutouts.

Again, it is worth checking whether we can get by

without the scaffolding, especially for large cavities, as

they consume more material. As illustrated by Figure

13a, if a cutout (here on the inside of the chair) is high

and wide enough for a mallet to reach past the cavity,

Figure 13: If the cavity or cutout is getting very

large, (a) reaching the impact area becomes pos-

sible again, or (b) it can be supported with the

help of an anvil.

users may get by without scaffolding. (b) When insert-

ing a plate P into the outside of a cut-out Assembly A, a

sufficiently large cavity allows inserting the protruding

part of an anvil (here in the form of a table) to sup-

port the struck geometry. Again, users can save the

scaffolding. This also applies to the chair in Figure 1f,

which we showed for the purpose of easy explanation

and which, in reality, is better addressed with an anvil.

As illustrated by Figure 14a, vertical cavities are

challenging in a slightly different way. Even though

there are adequate targets for each pin (one on each

side of the cavity), striking one target at a time leaves

the other half of the plate P behind. This results in

shearing forces that tear plate P apart. (b) Once again,

trapezoidal scaffolding resolves the issue.

Figure 14: (a) Assembling plates with vertical

cavities is subject to shearing. (b) Again, we use

trapezoidal scaffolding.

This situation is particularly common with living

hinges. As illustrated by Figure 15a, plate P consists of

multiple regions separated by the living hinges. How-

ever, since the incisions forming the living hinges are

thin and we need the result to be curved, we cannot

simply apply trapezoidal scaffolding. (b) Our algorithm

solves the issue in two steps. First, it generates a jig to

bring plate P into the final shape, absorbing its spring

forces. (c) Second, in analogy to Figure 8, it places a

piece of sacrificial material across the top. This dis-

tributes the impact across all targets, eliminating the

mentioned shearing forces, thus keeping the living

hinge intact, until (d) the living hinges are inserted.

Figure 15: (a) Living hinges face similar issues.

We propose (b) a custom jig to control springi-

ness and (c) a sacrificial piece to distribute the

impact. (d) Finish. (e) To allow living hinges to

handle tensile loads, we alternate living hinges

with pins.

Note how the strip of living hinge we inserted has a

small rigid region at its center. We propose this pattern,

i.e., alternating between living hinges and solid regions,

as the latter allows adding pins to rounded geometry;
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by making these tight, we obtain (e) rounded geometry

capable of taking a tensile load.

This completes our discussion about the first five is-

sues. Trapezoidal scaffolding addresses them by mak-

ing laser-cut objects a bit more like nails.

6 Issues 6-10:
Constrain-before-insertion

The remaining five issues have a different root cause:

unlike the joints of traditional “loose” laser-cut 3D mod-

els, tight joints cannot be adjusted later without losing

tightness or even visibly damaging the model. As basic

as this observation sounds, it leads to the two hard-

est issues from the table of issues, i.e., the ones we

marked with a ⚠. Here is how.

In the first step of any assembly process, two plates

are combined into a two-part assembly, as illustrated

by Figure 16a. This step, however, tends to be “noisy”

in that the angle may be off a bit or the joints may not

be fully inserted, which we will refer to as incomplete

intrusion.

This lack of quality control, however, can have sig-

nificant consequences further down the road, when

the resulting two-part assembly will become part of a

larger assembly that is intolerant of error.

The most basic of these later assemblies is a simple

corner, i.e., the user tries to place a third plate onto a

two-part assembly. (b) While a slightly oblique angle

is relatively harmless in that it can be corrected after

assembly completes, (c) if the angle of the two-part

assembly is too acute, then the third plate will not as-

semble. As alluded to earlier, opening up the two-part

assembly by a few degrees is mechanically challenging

and may break the two-part assembly.

(d) In this model, the assembly process continues

until, eventually, the two-part assembly is later joined

with a plate that frames the two-part assembly from

Figure 16: (a) A Sloppy two-part assembly can

have consequences: (b) While a slightly too

oblique angle can be hammered in later, (c) an

overly acute-angle two-part assembly prevents

the blue plate from assembling. (d) This two-

part assembly is supposed to serve as the core

of a concave joint. Here, angle errors and in-

complete insertion bring the assembly to a halt,

as the blue plate P does not fit the pins on the

spaced-out red plates.

the outside to form a concave joint. In this case, er-

rors in angle and incomplete insertion become a show-

stopper, as either prevents the top plate from being

mounted.

Given these dire consequences, users would be well-

advised to ensure the step shown in (a) is perfect. This,

however, turns out to be harder than it may appear

at first glance, as there are no other plates to act as

constraints yet. Neither is there much visual indication.

And, since at least some of the negative consequences

do not manifest themselves until much later, users

may not see the incentive to put in the extra effort and

double-check.

As a result of these observations, this section is

mainly about combining two plates into a two-plate

assembly. We will present specialized solutions for

several sub-cases and will then focus on the most gen-

eralizable solution, which is to search the space of

possible assembly sequences and to identify a path

that circumvents the issues described above: to delay

the assembly of all mission-critical two-plate assem-

blies until other plates have established the necessary

constraints (see Figure 17 for a preview). We call this

approach constrain-before-insertion.

6.1 6/7/8. Assembling Two Plates with
the Correct Angle

We now tackle the challenge of assembling two plates,

starting with the case from Figure 16a.

As mentioned earlier, several special cases have

easier solutions and are thus worth considering upfront.

Inserting plates at a 90°-angle, for example, generally

tends to work out: Even though kerf is almost always

slightly slanted, it is still close enough to 90° to make

the back of the matching slot of a box- or T-joint act as

a useful stop. Furthermore, humans are very familiar

with 90°-angles and can thus judge quickly whether a

joint looks correct or requires tweaking.

Figure 17: Our algorithm searches the space

of possible assembly sequences (here, shown

only partially) and avoids paths (a) and (b). Path

(c) comes out ahead, delaying the insertion of

the non-90° angle until after the assembly has

become sufficiently constrained.
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Obtaining a non-90° angle, in contrast, is generally

more challenging. As illustrated by Figure 17, we there-

fore pursue the constrain-before-insertion approach,

i.e., our algorithm searches the space of possible as-

sembly sequences and assesses them. As we describe

in additional detail in the Section “Algorithm” below,

the algorithm incurs a penalty every time the user as-

sembles an unconstrained non-90°-degree angle. This

way, the algorithm gravitates towards path (c), which

bypasses the issue.

There are rare “pathological” cases that it cannot

resolve. In the example shown in Figure 18a, for exam-

ple, there is no way of bypassing the issue: since all

joints are non-90° angles, one of them has to go first.

Figure 18: (a) The assembly of a cube slanted on

all sides (b) makes it impossible to bypass the

assembly of two plates at a non-90° angle.

As a fallback, we revert to the tapered pins intro-

duced earlier in Section “3. Multi-Trapezoidal Scaffold-

ing” to help assemble very long joints. Here, tapered

pins allow users to position three (or even all four)

plates loosely by hand, as aligned pins now “click” into

position. This constrains the geometry, without com-

mitting to any specific angles yet. As users hold the

model in this constellation, all angles are properly con-

strained and thus ready for being fully inserted (Figure

19).

Figure 19: (a) tapered pins allow holding the

slanted cube in place long enough until 3+ parts

constrain each other, and (b) can be hammered

into position.

Tapered pins thereby also address issue number 7

from our list, in that they help users align pins with slots

(Figure 20a). (b) Once snapped into place, tapered tips

help hold pins in this aligned position, which addresses

issue number 8 from that same list. (c) We can amplify

this effect by complementing the taper with a straight

segment.

Figure 20: (a) Tapered pins help align joints be-

fore insertion, and (b) hold plate P in place, even

more so when (c) complemented with an addi-

tional straight segment.

Tapered pins, however, come at a price in that they

reduce the contact area between joined plates and,

thus, the ability to take a tensile load (Figure 21). To

minimize the negative effect, we tend to keep tapers

small (for 6mm birch, we make them 0.75mm deep and

0.4mm wide), and use tapered pins only on assembly

A, but not on plate P.

Figure 21: The result of the tensile strength test

of the joint with tapers for 6mm birch plywood on

a set of three pins and slots. Linear regression

gives y = 30x − 350, where the y-axis is force (N)

and the x-axis is contact area (mm2). This indi-

cates ∼730N for 36 mm2 (no taper) and ∼590N
for 31.5 mm2 (taper we use, 0.75mm deep and

0.4mm wide).

6.2 9. Incomplete Intrusion for
“Concave” Joints

As mentioned above, the even more complex issue

is concave joints, as the resulting problem manifests

itself late. This is compounded by the fact that concave

joints are susceptible to angle errors and incomplete

intrusion.

Again, we begin with a more specific case that al-

lows for a more straightforward solution. The most

basic case is a subset of models where no force can

be applied to the concave joint: for the model shown

in Figure 22, for example, we can imagine attaching

Figure 22: No force applied to this model can

ever propagate to the concave joint in its center.

We may, therefore, replace the tight concave

joint with a loose one.
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handles to any of the plates and pulling on them—yet

none of them will ever apply tension to the concave

joint in its center. We handle this subclass of models

simply by replacing the tight joint with a loose box

joint, which still resists torsion but will fully insert with-

out problems, and the angle of which can be adjusted

throughout.

If a concave joint is load-bearing but at a 90° angle,

we extend it into a T-joint, as illustrated by Figure 23a

([3]). While it takes practice to make the back of a

box joint act as a jig, T-joints achieve such alignment

reliably. Users then achieve intrusion simply by ham-

mering P all the way in. (b-c) The rest of the model is

convex, making the remaining assembly easy: users

quickly assemble the model into a rough shape (d) and

hammer joints all the way in.

Figure 23: (a) Extending the box joints of the

golden plate into a T-joint makes complete intru-

sion and a 90° angle easy. (b) In this orientation,

(c) users complete the rest of the assembly and

insert the top and bottom plates. (d) All other

plates are convex, which allows fixing intrusion

late.

When angles are non-90° (or for models in which

the interior must stay clear, such as containers), T-

joints are not suitable. As illustrated by Figure 24a,

our fallback is to provide the concave joint with some

slack. We achieve this by deepening the slots on as-

sembly A by a small amount (we obtained good results

with values as small as 0.5mm). (b) The resulting con-

cave joint performs successfully when fully inserted

and anywhere within that extra range. This allows

users to complete the assembly and (c) fix potential

misalignment in the concave joints at the very end by

Figure 24: (a) Deepening the slot on the golden

plate makes it easy for users to reach or ex-

ceed the necessary intrusion by the golden plate,

(b) allowing top and bottom plates to assem-

ble. (c) Once complete, users may hammer the

golden plate again to fully insert it when all other

assembly has been completed.

hammering the plate into its final position (similar to

how convex objects allowed for this in Figure 23b-c).

However, once again, there is a small set of patholog-

ical cases where neither approach is applicable. Figure

25a shows such a model: a combination of four plates

(one of them not visible as it is facing away from the

camera) that are mutually interlocking in two concave

joints. No sequence brings all four plates into position

by means of translating them. Instead, (b) at least one

of the four plates has to be rotated into position.

Figure 25: (a) The four red plates are interlock-

ing around two concave joints so that (b) at least

one of them has to be rotated into position.

While this style of inserting a plate arguably is some-

what non-traditional, it does delay the assembly of the

concave joint(s) until the rest of the model is in place,

thereby eliminating the risk of angle errors and the

propagation thereof: constrain-before-insertion.

Figure 26: (a) Rotary insertion causes the pins

of plate P to collide with the associated pins on

assembly A. (b) We address this by carving the

sweep of the pins on P out of A.

To allow for such rotary insertion, the box joints need

some extra preparation—an adapted version of ta-

pered pins. As illustrated by Figure 26a, the rotary

movement causes the corners of the pins on plate P

to collide with the pins on assembly A. (b) To address

this, we compute the circular sweep of the pins on P

(with radius sqrt(t2 + d2)) and carve this sweep out of

the pins on assembly A. The adjustment is largest for

the pin closest to the fulcrum, which then diminishes.

6.3 10. Stability

Looking at the last issue on our list, we see that striking

a plate not only subjects plate P to this impact but also

assembly A. Unless all plates in A already form a rigid

structure, this may cause assembly A to deform or

even disassemble, as illustrated by Figure 27a.

(b) One approach to handling unstable assemblies

is to hold the assembly A by the plate that P will be

inserted into, e.g., here using a vice. (c) However,
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Figure 27: (a) An unstable assembly can be (b)

fixated using a vise, (c) but when plate P needs

to be inserted into multiple plates, acute angles

in assembly A can prevent assembly.

again, there is a pathological case, i.e., when P needs

to be inserted into multiple joints at once, as acute

angles in assembly A can prevent assembly.

We again go for constrain-before-insertion. As shown

in Figure 28, our algorithm searches the space of as-

sembly sequences. It recognizes the configurations

shown in red as unstable and therefore avoids paths

a and b, and instead chooses path c, which makes it

assemble the cube by assembling three plates into a

corner first, making it sturdy early on.

Figure 28: Our algorithm avoids paths (a) and

(b) as they pass through unstable assemblies

and picks path (c) instead.

6.4 Algorithm: Searching the Space of
Assembly Sequences

In the previous sections, we repeatedly mentioned

searching the space of assembly orders. Here is the

algorithm:

Step 1: Create a lattice structure containing all sen-

sible assembly sequences. We start with the traditional

directional blocking graphs [31] and the assembly-by-

disassembly algorithm [14][28]. These have tradition-

ally been used to pick a single next step, which allowed

these algorithms to run in O(n2) [28]. Picking all pos-

sible sequences runs the risk of running into factorial

complexity. We address this using randomized branch-

and-bound, i.e., we perform a single pass of a greedy

algorithm to determine an upper bound of our cost

function. Then, we repeat random walks that we ter-

minate if that upper bound is met before assembling

the model.

Step 2: For each step in every assembly sequence,

consider all possible orientations of the plate and as-

sembly (Figure 29).

Figure 29: (a) There are generally four possible

orientations for inserting a plate P into another

single plate assembly, and (b) two, when the

assembly already consists of two or more plates.

Step 3: For each step of every assembly sequence,

(a) Identify which of the 10 issues this step is subject to.

(b) Consider all ways of overcoming the issue discussed

above. Add the additional user effort resulting from

the re-engineering to the difficulty of this path.

Step 4: Compute the difficulty for each assembly

sequence as the sum of the difficulties of each step.

Difficulty is a negative number, i.e., a penalty function

(a special utility function). The penalty should be in the

following order: interlock > the situation that violates.

Step 5: Pick the assembly sequence that minimizes

difficulty using Dijkstra’s algorithm, which is inherently

O((v+e) log(v)), with e being the number of edges in

the assembly sequence lattice.

Step 6: Modify specific box joints with tapers or t-

joints according to the assembly sequence.

7 User Study

To validate our claim that trapezoidal scaffolding and

constrain-before-insertion help assemble objects with

tight joints, we conducted a user study in two parts. We

hypothesized that participants would assemble models

faster, more easily, and with less damage when those

models were processed using our algorithm.

7.1 Part 1: Trapezoidal Scaffolding

Participants assembled three simplified models with

tight joints, and a second set of these models was

processed by our algorithm, in counter-balanced order.

Tasks: In each of the three tasks, participants as-

sembled one of the models shown in Figure 30. They

were designed to test the usefulness of trapezoidal

scaffolding for Transmission (Figure 9), Small Target

(Figure 7), and Sturdy (Figure 12). We used 6mm birch

plywood, and all joints were tuned for maximum tight-

ness (200N / pin). Participants were provided with a

400g mallet.

Figure 30: In each task, participants assembled

one of the three simplified models shown here.
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Interface conditions: There were two interface

conditions. In the trapezoidal scaffolding condition,

participants assembled the models with the green scaf-

folding shown in Figure 30. In the control condition,

they assembled the model without.

Each participant assembled each model in each in-

terface condition (within-subject design) in counterbal-

anced order.

Participants: We recruited 12 participants (8 male,

4 female, average age = 23 years, SD = 5.2) from

our institution. 6 participants had no prior experience

assembling objects, e.g., furniture, using a mallet, and

2 participants had prior experience assembling laser-

cut objects using a mallet.

Training: Before the first trial, participants viewed a

2-minute training video that showed how to assemble

parts using a mallet. The video also explained the

expected precision, i.e., an intrusion error of no more

than 0.2mm. Finally, participants assembled three

pairs of 6cm x 6cm plates with tight joints using a

mallet.

Procedure: For the trial, the experimenter mea-

sured the time between the first and last hits. If the

expected precision was not met, the experimenter had

participants refine the result and resume time mea-

surement. Participants then filled in a questionnaire.

7.2 Part 2: Constrain-Before-Insertion

In analogy to Part 1, participants assembled the model

shown in Figure 31. Unlike in Part 1, we combined two

issues into a single 5-part model resembling one leg

of the chair in Figure 1. This had Angle (Figure 17) and

Intrusion (Figure 16) issues.

Figure 31: In part 2, participants assembled a

chair leg, either (a) using an assembly order

handling the concave joint early (control) or (b)

late, using rotary insertion (experimental).

Task, training, interface condition, and proce-

dure: as in Part 1.

Participants: We recruited a fresh set of 12 par-

ticipants (8 male, 3 female, 1 preferred not to say,

average age = 22.5 years, SD = 3.4) from our institu-

tion. 6 participants had no prior experience assembling

objects, e.g., furniture, using a mallet.

7.3 Results

As expected, the participants were faster in assembling

the three models in the experimental condition (Figure

32a).

Figure 32: (a) Participants assembled models on

average 2.2-2.7 times faster when provided with

trapezoidal scaffolding and (b) 1.4 times faster

when assembling the chair leg in constrain-

before-insertion order. In the control condition,

two participants could not complete assembling.

(Error bars indicate standard error.)

Part 1: Participants spent more time assembling the

model without trapezoidal scaffolding—54 seconds, 63

seconds, and 29 seconds, on average—compared to

an average of 25 seconds, 25 seconds, and 11 seconds

for the models with scaffolding. The differences were

significant (t (11) = 2.835, p < 0.01, d = 2.48), (t (11)

=2.711, p < 0.05, d = 4.2), and (t (11) = 3.356, p < 0.01,

d = 4.3). The effect was substantial: participants were,

on average, 2.4 times faster. In the control conditions,

10 out of 12 participants broke the model shown in

Figure 30c, and one other broke the model shown in

Figure 30b. In the scaffolding condition, there was no

damage to the models.

Part 2: Participants spent more time assembling

the model in the control condition—237 seconds on

average—compared to an average of 174 seconds in

the experimental condition. The differences were sig-

nificant (t (11) = 2.515, p <0.05, d = 0.9). Participants

Figure 33: Participants rated the experimental

conditions in the questionnaire higher along all

dimensions.
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were, on average, 1.4 times faster. In the control con-

dition, 2 participants could not complete due to incom-

plete insertion, bringing the assembly to a halt.

As shown in Figure 33, participants rated the experi-

mental conditions in the questionnaire higher along all

dimensions.

Several participants mentioned that the trapezoidal

scaffolding was clearly helpful. P10 said, “It was eas-

ier because it (trapezoidal scaffolding) provides a flat

surface, not like the angled one (control condition).”

P8 said, “Analyzing where to hit was mentally hard

(in the control condition) but not in (the experimental

condition).” A few participants also noted that scaf-

folding allowed them to hold plates easily, with P10

saying, “Because the attachment (trapezoidal scaffold-

ing) surrounded the entire object, it was clear to hold

and where to hit—there was simply no other choice.”

For the constrain-before-insertion task, P13 experi-

enced exactly what we highlighted in this paper, saying,

“I made a mistake, and they weren’t fitting together

anymore (in the control condition). The one (in the

experimental condition) is much easier.”

7.4 Discussion

The results of our study support our hypothesis that our

algorithms and techniques allow for faster and easier

assembly of laser-cut models featuring tight joints.

8 Conclusion and Future Work

In this paper, we explored problems resulting from

making laser-cut 3D models robust against tension by

making their joints tight. We identified the 10 underly-

ing issues causing models either to break or assembly

to fail. We presented two main strategies for over-

coming them, i.e., either by extending parts with what

we call scaffolding or by adjusting the models’ assem-

bly order so as to bypass states that are subject to

these issues. We thereby contribute to helping users

of laser cutters transition from decorative objects to

load-bearing objects.

As future work, we are planning to extend the con-

cepts developed in this paper to other forces applying

to load-bearing objects.
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